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Abstract –We present a chain-of-atoms model where heat is rectified, with different fluxes from
the hot to the cold baths located at the chain boundaries when the temperature bias is reversed.
The chain is homogeneous except for boundary effects and a local modification of the interactions
at one site, the “impurity”. The rectification mechanism is due here to the localized impurity, the
only asymmetrical element of the structure, apart from the externally imposed temperature bias,
and does not rely on putting in contact different materials or other known mechanisms such as
grading or long-range interactions. The effect survives if all interaction forces are linear except
the ones for the impurity.
Introduction. – In spite of much work on thermal
rectification after the first model proposal in 2002 [1] (for
a broad perspective on heat rectification see [2,3]), the ma-
nipulation of phononic heat fluxes is still far from being
completely controlled as no efficient and feasible thermal
diodes have been found [4,5]. The thermal rectifier, a de-
vice where the heat current changes when the temperature
bias of the thermal baths at the boundaries is reversed, is
one of the key tools needed to manipulate heat currents
and build thermal circuits. A wealth of research is under-
way to meet the challenge posed by a “near standstill” of
the field [4,5], combined with the prospects of widespread
and impactful practical applications. Together with exper-
imental progress, at this stage work exploring new models
is important to test possibilities that may become feasible
as control capabilities improve [2]. In this paper we pro-
pose, motivated by previous work on “atom diodes” [6,7],
a rectifying scheme based on the effect of a local defect,
or impurity, in an otherwise homogeneous system.
To date, there have been several proposals of systems
that could be used to rectify heat flows at the nanoscale.
A common scheme is based on coupling two or more differ-
ent homogeneous segments, modelled with chains of atoms
with nonlinear interactions (which in this context means
non-linear forces, i.e., anharmonic potentials) [1, 8–11] or
with a temperature and position dependent conductivity
assuming expressions for the heat current [10, 12]. Ba-
sic ingredients for thermal rectification have been consid-
ered to be the asymmetry in the system and non-linear
interactions [3,11,13], which lead to a temperature depen-
dence of the phonon bands, or power spectral densities,
of the weakly coupled [9] segments. These bands match
or mismatch at the interfaces, depending of the sign of
the temperature bias, leading, respectively, to heat flow
or insulating conditions. In fact, alternative mechanisms
due to band mixing appear for stronger coupling or long
chains [9], and Pereira [5], based on minimalist models,
has recently reformulated the conditions leading to rectifi-
cation as the combination of asymmetry plus the existence
of some feature of the system that depends on the tem-
perature (nonlinearity is certainly a possible cause of such
dependence). Other systems proposed are graded materi-
als, such as a chain with an uneven distribution of mass
[4, 13, 14], and long-range interactions have been shown
to be able to amplify the rectification and avoid or miti-
gate the decay of the effect with system size [4, 15]. Also,
recent models and experiments use asymmetrical homoge-
neous or inhomogeneous nanostructures and, in particular,
graphene [16, 17]. Finally, we mention for completeness
theoretical works farther from our model that consider
the use of a quantum system [2], such a three-level sys-
tem, with each level coupled to a thermal bath [18], or
a double well with different frequencies to implement the
asymmetry [19].
The model proposed in this paper is a one-dimensional
chain of atoms where all, except one of them, are trapped
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in on-site harmonic potentials and interact with their near-
est neighbours by Morse potentials (or also by harmonic
potentials in a simplified version). Unlike most chain
models, the structural asymmetry is only in the impu-
rity, which is subjected to a different on-site potential and
interaction with one of its neighbors. The chain is con-
nected to thermal baths at different temperatures at the
boundaries.
First, we shall describe the homogeneous 1D chain,
without the impurity, and show that the Fourier law is
fulfilled. Then we modify the potentials for one of the
atoms and demonstrate the rectification effect.
Homogeneous one-dimensional chain. – We start
with a homogeneous 1D chain with N atoms coupled at
both extremes to heat baths, at different temperatures Th
and Tc for “hot” and “cold” respectively. The baths are
modeled with a Nose´-Hoover method as described in [20].
Atoms 1 and N represent the first and the N -th atom
in the chain, from left to right, that will be in contact
with the baths. All the atoms are subjected to on-site
potentials and to nearest-neighbor interactions, and their
equilibrium positions yi0 are assumed to be equally spaced
by a distance a. xi = yi − yi0, i = 1, ..., N , represent
the displacements from the equilibrium positions of the
corresponding atoms with positions yi.
The classical Hamiltonian of the atom chain can be writ-
ten in a general form as
H =
N∑
i=1
Hi, (1)
with
H1 =
p21
2m
+ U1(x1) + VL,
Hi =
p2i
2m
+ Ui(xi) + Vi(xi−1, xi) i = 2, ..., N − 1,
HN =
p2N
2m
+ UN (xN ) + VN (xN−1, xN ) + VR, (2)
where the pi are the momenta, Ui(xi) is the on-site po-
tential for the ith atom, and Vi(xi−1, xi) represents the
atom-atom interaction potential. VR and VL are the inter-
actions coupling the boundary atoms to the Nose´-Hoover
thermostats, see [20].
There are a large number of 1D models that obey this
general Hamiltonian. Using different potentials for the
trapping and interactions we would get different conduc-
tivity behaviors. We choose a simple form of the Hamilto-
nian in which each atom is subjected to a harmonic on-site
potential and a Morse interaction potential between near-
est neighbors (see fig. 1, dashed lines),
Ui(xi) =
1
2
mω2x2i , (3)
Vi(xi−1, xi) = D
{
e−α[xi−xi−1] − 1
}2
, (4)
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Fig. 1: (Color online) (a) On-site potentials: harmonic poten-
tial centered at the equilibrium position of each atom (dashed
blue line) as a function of the displacement from this position
xi = yi − yi0 in a−units, and the on-site potential for the im-
purity, i = N/2 + 1 (N even, red solid line). (b) Interaction
potentials as a function of the distance between nearest neigh-
bors: Morse potential (blue dashed line) valid for all atoms
except for i = N/2 + 1, N even, where the modified potential
(red solid line) is used. The harmonic approximation of the
Morse potential is also depicted (eq. (5), black dots, only used
for fig. 5, below). Parameters: D = 0.5, g = 1, γ = 45, d = 100
and b = 105, used throughout the paper.
where ω is the trapping angular frequency, and D and α
are time independent parameters of the Morse potential.
A “minimalist version” of the model where V becomes the
harmonic limit of eq. (4), dotted line in fig. 1, will also
be considered in the final discussion,
Vi(xi−1, xi) = k(xi − xi−1)2/2, k = 2Dα2. (5)
For convenience, dimensionless units are used and the
mass of all particles is set to unity.
We start by studying the homogeneous configuration
with no impurity and potentials (3) and (4), solving nu-
merically the dynamical equations for the Hamiltonian (1)
with a Runge-Kutta-Fehlberg algorithm. We have chosen
a low number of atoms, N = 20, with thermal baths at
Th = 0.20 and Tc = 0.15 at both ends of the chain with
16 thermostats each. The real temperature is related to
the dimensionless one through Treal = Tma
2ω2/kB so,
for typical values m ≈ 10−26 kg, ω ≈ 1013 s−1, a ≈ 10−10
p-2
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Fig. 2: (Color online) Symmetric temperature profiles for a
homogeneous chain, without impurity. For Th = TL, Tc = TR
(red solid dots) the (absolute value of) the heat flux is JL→R,
equal to JR→L for the reverse configuration of the bath temper-
atures, Th = TR, Tc = TL (black empty squares). Parameters
as in fig. 1.
m, and using kB = 1.38 × 10−23 JK−1, the dimension-
less temperatures 0.15, 0.20, translate into 100, 150 K. It
is advisable to use temperatures around these values so
that we ensure that the displacements of the particles are
realistic [21].
First we demonstrate that our system satisfies Fourier’s
heat law for the heat flux, J = κ∇T . To this end, we
calculate the local heat flux Ji and temperature Ti, per-
forming the numerical integration for long enough times
to reach the stationary state. The local temperature is
found as the time average Ti = 〈p2i /m〉, whereas Ji, from
the continuity equation [22], is given by
Ji = −x˙i ∂V (xi−1, xi)
∂xi
. (6)
From now on we only consider the time average 〈Ji(t)〉,
which converges to a constant value for all sites once the
system is in the stationary nonequilibrium state. We
depict the temperature profiles, for N = 20, first with
TL = Th and TR = Tc (L and R stand for left and right)
and after switching the positions of the thermal baths in
fig. 2. The profiles are symmetric, as expected, and the
heat flux does not have a preferred direction [1, 22]. De-
noting the absolute values of the fluxes from the left (when
TL = Th) as JL→R, and from the right (when TR = Th) as
JR→L, we find that JL→R = JR→L = J = 1.6 × 10−2, in
the dimensionless units, consistent with the values found
in other models [1, 22].
The profile of the temperature is linear with nonlinear-
ities at the edges, close to the thermal baths, due to the
boundary conditions [23]. In fig. 3 we depict Ti vs i/N
for N = 100, 125 and 150 with the same boundary condi-
tions. For these larger atom numbers we have connected
the first 3 and the last 3 atoms to the Nose´-Hoover baths.
The temperature gradient scales as N−1, which is also true
for many other different models [22]. In the inset (a) of
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Fig. 3: (Color online) Temperature profile along the homoge-
neous chain for different number of atoms: 100 (dotted black
line), 125 (dashed blue line) and 150 (solid red line). The
atom sites have been rescaled with the total number of atoms,
showing the convergence of the spatial profile of the local tem-
perature Ti. The time averages have been carried over a time
interval of ≈ 2 × 106 after a transient of ≈ 1 × 105. In the
inset (a), the product JN vs. N demonstrates that for long
chains JN is independent of N . In (b) the linear dependence
of J with ∆T for a fixed number of atoms, N = 100, is shown.
Parameters as in fig. 1.
fig. 3 the product JN is plotted vs. N showing that in a
low N limit there is a well defined conductivity per unit
length whereas for longer chains, JN tends to be constant
which indicates a normal thermal conductivity indepen-
dent of the length. Fixing the number of atoms to 100, as
in the inset (b) of fig. 3, we observe that the Fourier law,
J = κ∇T , is fulfilled.
Impurity-based thermal rectifier. – To rectify the
heat flux we modify the potentials for site j = N/2 + 1
with N even, as
Uj(xj , t) = de
−b[xj(t)+a/3], (7)
Vj(xj−1, xj , t) = ge−γ[xj(t)−xj−1(t)+a/2]. (8)
All the parameters involved, d, b, and g, γ are time in-
dependent. In fig. 1 the modifications introduced with
respect to the ordinary sites are shown (solid lines). The
different on-site and interaction terms introduce soft-wall
potentials (instead of hard-walls to aid integrating the dy-
namical equations) that make it difficult for the impurity
to transmit its excitation to the left whereas left-to-right
transmission is still possible. This effect is facilitated by
the relative size of the coefficients, a/3 < a/2, that de-
termine the position of the walls. They imply that an
impurity excited by a hot right bath cannot affect its left
cold neighbour near its equilibrium position at the j − 1
p-3
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site. However, if the left j − 1 atom is excited from a hot
bath on the left, it can get close enough to the impurity
to kick it and transfer kinetic energy. The asymmetri-
cal behavior relies on the asymmetry of the potentials and
the temperatures of neighboring atoms; it does not require
breaking time-reversal invariance. All collisions are elastic
and time-reversible.
After extensive numerical simulations, we have chosen
the values of these parameters as in fig. 1, such that the
conductivity in the forward direction, JL→R, and the rec-
tification factor, defined as R = (JL→R − JR→L)/JR→L×
100, are both large for Th = 0.2, Tc = 0.15. A large R
without a large JL→R could in fact be useless [2]. Note
that this is not necessarily the optimal combination, which
in any case would depend on the exact definition of “op-
timal” (technically on how JL→R/J and R are weighted
and combined in a cost function and on the limits imposed
on the parameter values). This is an interesting problem
but it goes beyond the focus of our paper, which is to
demonstrate and discuss the effect.
We have used again N = 20 connected to baths of 16
thermostats each, with the same temperatures as for the
homogeneous chain, and numerically solved the dynamical
equations to calculate the local temperature and the heat
flux for both configurations of the baths. The interatomic
potential for the regular atoms is the Morse potential (4).
In fig. 4(a), the temperature profiles show a clear asym-
metry between L→ R and R→ L. Specifically, we find
JL→R = 7.6 × 10−3 and JR→L = 5.8 × 10−3 which gives
R = 31%. The effect decays with longer chains, with
R = 19% for N = 100.
This temperature profiles depend on the difference be-
tween the bath temperatures, see e.g. fig. 4(b). Increasing
the temperature gap, but keeping Th low enough so that
the displacement of the atoms from their equilibrium posi-
tions is realistic, we find higher values of R. Fig. 5 shows
the strong dependence of R with ∆T (black circles). We
have changed both Th and Tc so that the mean tempera-
ture (Tc + Th)/2 remains constant.
Discussion. – We have presented a scheme for ther-
mal rectification using a one-dimensional chain of atoms
which is homogeneous except for the special interactions
of one of them, the impurity, and the couplings with the
baths at the boundaries. Our proof-of-principle results for
an impurity-based rectification mechanism encourage fur-
ther exploration of the impurity-based rectification, in par-
ticular of the effect of different forms for the impurity on-
site potential and its interactions with neighboring atoms.
In contrast to the majority of chain models, the structural
(not due to the external bias) asymmetry in our model is
only in the impurity. The idea of a localized effect was
already implicit in early works on a two-segment Frenkel-
Kontorova model [8, 9], where rectification depended cru-
cially on the interaction constant coupling between the
two segments. However, the coupling interaction was sym-
metrical and the asymmetry was provided by the differ-
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Fig. 4: (Color online) Temperature profile for the chain of
N = 20 atoms, with an impurity in the N/2 + 1 position,
with TL = Th and TR = Tc (circles) and with the thermo-
stat baths switched (squares). Parameters as in fig. 1. (a)
Tc = 0.15, Th = 0.2. JL→R = 0.00769 vs JR→L = 0.00581,
with gives a rectification R = 31%; (b) Tc = 0.025, Th = 0.325.
JL→R = 0.0499 vs JR→L = 0.0140, with R = 256%.
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Fig. 5: (Color online) Rectification factor R as a function of
the temperature difference between ends of the chain of atoms,
∆T . We have changed both Th and Tc according to Tc =
0.15 − (∆T − 0.05)/2 and Th = 0.2 + (∆T − 0.05)/2, with
N = 20, keeping the rest of parameters as in fig. 1. Interatomic
potentials: Morse potential, eq. (4) (black line with circles, see
the temperature profiles of extreme points in fig. 4); harmonic
potential, eq. (5) (red line with squares).
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ent nature (parameters) of the segments put in contact.
Also different from common chain models are the poten-
tials chosen here. Instead of using the Morse potential as
an on-site model, see e.g. [1], we have considered a nat-
ural setting where this potential characterizes the inter-
atomic interactions, and the on-site potential is symmet-
rical with respect to the equilibrium position, and actually
harmonic. The numerical results indicate that this is con-
sistent with Fourier’s law, and also helps to isolate and
identify the local-impurity mechanism for rectification. In
this regard it is useful to consider a further simplification,
in the spirit of the minimalists models proposed by Pereira
[5], so as to distill further the essence of the local recti-
fication mechanism. If the Morse interatomic interaction
is substituted by the corresponding harmonic interaction,
see fig. 1b, the rectification effect remains, albeit slightly
reduced, see fig. 5. The chain is then perfectly linear
with the only nonlinear exception localized again at the
impurity. The temperature dependent feature mentioned
in [5] as the second necessary condition for rectification
besides asymmetry, is here localized in the impurity too,
and consists of a different capability to transfer kinetic en-
ergy depending on the temperatures on both sides of the
impurity. It would be interesting to combine the impurity
effect with other rectification mechanisms (such as grad-
ing, long-range interactions, or use of different segments),
or with more impurities in series to enhance further the
rectification effect.
Even though our motivation was to mimic the effect of
a localized atom diode that lets atoms pass only one way,
unlike the atom diode [6], all interactions in the present
model are elastic. The model may be extended by adding
an irreversible, dissipative element so as to induce not only
rectification but a truly Maxwell demon for heat transfer
[24,25]. On the experimental side, one dimensional chains
of neutral atoms in optical lattices can be implemented
with cold atoms [26]. An impurity with different internal
structure would be affected by a different on-site potential
imprinted by a holographic mask [27], and asymmetrical
interatomic interactions could be implemented by trap-
ping a controllable polar molecule or mediated by atoms
in parallel lattices [28].
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